Abstract. In this paper, we apply the method developed in [Ti97] and [TZ00] to proving the properness of log F -functional on any conic Kähler-Einstein manifolds. As an application, we give an alternative proof for the openness of the continuity method through conic Kähler-Einstein metrics.
Introduction
It has been very active to study conic Kähler-Einstein metrics in recent years partly because of their use in studying problems in algebraic geometry and Kähler geometry. For example, they provide a continuity method for establishing the existence of Kähler As an application of Theorem 0.1 or more precisely, its weaker version Theorem 6.1 in Section 6, we give an alternative proof for the openness of the continuity method through conic Kähler-Einstein metrics. The proof of such an openness was first sketched by Donaldson [Do11] as an application of the C 2,α;β Schauder estimates Donaldson developed for conic Kähler metrics. Since the space C 2,α;β will depend on the cone angles 2πβ of metrics, the usual Implicit Function Theorem could not be applied directly to prove the openness. Instead, Donaldson consider a family of linear elliptic operators associated to approximated conic metrics to get a prior Schauder estimates needed for proving the openness. Our proof is to use the perturbation method first introduced in [Ti12] to approximate conic Kähler-Einstein metrics by smooth Kähler metrics, then we apply the Implicit Function Theorem to approximated smooth Kähler metrics and take limit (cf. Section 7). To assume the limit exists, we need to establish a prior C 0 and C 2 -estimates for the Kähler potentials associated to those approximated metrics. With these a prior estimates, we can take the limit to get a weak conic Kähler-Einstein metric. This metric is in fact in sense of C 2,α;β Schauder theory by the regularity theorem in
The proof of Theorem 0.1 is an adaption of that in [Ti97] for smooth Kähler-Einstein manifolds. In our situation, there are some technical issues we need to make sure. First we need to show how to smooth singular metrics near the conic Kähler-Einstein metric. We will use a family of twisted Kähler-Ricci flows with initial values given by smooth metrics which approximate conic metrics (see Section 5, 6). Then we shall deal with the local smoothing behavior of these flows as well as the local convergence of flows when the initial values vary. Note that as a parabolic version of twisted Kähler-Einstein metric equation, which was first introduced by Song-Tian [ST12], the twisted Kähler-Ricci flow has been also studied by many people, such
The organization of this paper is as follows: In Section 1, we recall some basics on conic Kähler metrics. In Section 2, we prove the lower bound of log F -functional F ω0,µ (·). In Section 3, we introduce a family of smooth Kähler metrics to approximate the conic Kähler metrics discussed in Section 2. In Section 4, we introduce a family of twisted Kähler-Ricci flows to smooth the approximated metrics in Section 3, then in Section 5, we prove the local convergence of these flows. Theorem 0.1 will be proved in Section 6. In Section 7, we apply Theorem 0.1 to give a proof of the openness for the continuity method through conic Kähler-Einstein metrics which was first given by Donaldson.
Conic Kähler metrics
Let S be a defining function of D and H 0 a Hermitian metric on D induced by ω 0 . Then it is easy to see that
Moreover, one can check that ω
2β is a conic Kähler metric with cone angle 2πβ along D, as long as the number δ is sufficiently small (cf.
[Br11]). There is an important property of ω * shown in [JMR11] that the bisectional holomorphic curvature of ω * is uniformly bounded from above on M \ D. Let h * be a log Ricci potential of ω * defined by
Then we have
where h 0 is a Ricci potential of ω 0 . A direct computation shows that h * ∈ C ,γ;β (M ), where γ = min( 2 β − 2, 1). In general, a Kähler potential of conic Kähler metric is not necessary in C 2,α;β (M ). But, for a conic Kähler-Einstein metric ω CKE = ω φ = ω 0 + √ −1∂∂φ with angle 2πβ along D, φ should be in C 2,α0;β (M ) for some positive number α 0 ≤ γ. This is because ω CKE satisfies a conic Kähler-Einstein metric equation,
Then φ satisfies a non-degenerate complex Monge-Ampère equation,
2,α0;β (M ) for some α 0 ≤ γ. For any positive number α ≤ α 0 , we introduce a space of C 2,α;β Kähler potentials by
One can show that both functionals F ω0,µ (·) and I ω0 (·) are well-defined on H 2,α;β (M, ω 0 ).
Proof. In fact, one can choose ψ δ = ψ + δ|S| 2β to verify the lemma. In this section, we use the continuity method of Ding-Tian in [DT92] ( also see [Ti97]) to study the lower bound of log F -functional F ω0,µ (·). This method will be extended to prove Main Theorem 0.1 in this paper. It is worthy to mention that the lower bound of F ω0,µ (·) can be obtained by using a general theorem of 
Proof. For any ψ ∈ H 2,α;β (M, ω 0 ), log Ricci potential ofω = ω ψ is given by
Then hω ∈ C ,α;β (M ). We consider the following complex Monge-Ampère equations with a parameter t ∈ [0, µ]:
By the assumption, there exists a solution
Note that the kernel of operator (∆ ω + µ) is zero (cf.
[Do11]). Then by the Donaldson's linear theory for Laplace operators associated to conic metrics, we can apply Implicity Function Theorem to show that there exists a δ > 0 such that (2.2) is solvable in the space
We want to prove
On the other hand, it is easy to see that (2.2) are equivalent to Ricci curvature equations,
Thus the first non-eigenvalue of ∆ t is strictly bigger than t [JMR11], where ∆ t is the Laplace operator associated to ω t and ω t =ω ϕt =ω + √ −1∂∂ϕ t . It follows that the kernel of operator (∆ t + t) is zero on any t ∈ E. By Implicity Function Theorem, E is an open set. It remains to prove that E is also a closed set. This is related to apriori estimates for solution ϕ t of (2.2) on t ∈ E below.
First we deal with the C 0 -estimate. We may assume that t ≥ δ by the implicity theorem since (2.2) is solvable at t = 0 [JMR11]. By a direct computation, we have
Note that ∆ tφt = −tφ t − ϕ t by differentiating M e hω−tϕωn = V . By the fact that the first non-eigenvalue of ∆ t is strictly bigger than t, we get
This means that Iω(ϕ t ) − Jω(ϕ t ) is increasing in t. Thus
By using the Green formula [JMR11], we derive osc(ϕ t ) ≤ C.
To get the C 2 -estimate, we rewrite (2.2) as
where ϕ * = ϕ − δ|S| 2β + ψ and h * is the log Ricci potential of ω * as in (1.1). Since
where a = a(ω * ) is a uniform constant which depends only on the upper bound of bisectional holomorphic curvature of ω * , and so it depends only on ω 0 and the divisor D. Set u = log tr ωt (ω
Then there exists a uniform constant
By the maximum principle as in [JMR11], it follows
By (2.5), we also get
Once (2.7) and (2.8) hold, we can apply the C 2,α;β -regularity theorem in
By the cocycle condition of log F -functional, it follows
Again by the cocycle condition, we get
Hence we prove that F ω0,µ (·) takes the minimum at φ. 
Approximation of conic Kähler metrics
In this section, we construct approximated smooth Kähler potentials of solution ϕ t of (2.2) on each t ∈ (0, µ) by solving certian complex Monge-Ampère equation. First we shall smooth the conic metricω = ω ψ . Note
Take a family of smooth functions
Then by the Yau's solution to Calabi's problem, there are a family of Kähler potentials Ψ δ , which solve equations (δ > 0),
. By the Kolodziej's Hölder estimate [Kol08], Ψ δ converge to ψ in the C α -norm modulo constants as δ → 0. For simplicity, we set ω δ = ω 0 + √ −1∂∂Ψ δ . We modify (2.3) by a family of Ricci curvature equations with parameter δ
where ω δ ϕ δ = ω δ + √ −1∂∂ϕ δ and η δ = λω 0 + √ −1∂∂ log(δ + |S| 2 ). (3.1) are in fact a family of twisted Kähler-Einstein metric eqautions associated to positive (1, 1)-
. One can check that (3.1) are equivalent to the following complex Monge-Ampère equations,
We shall study the solutions of (3.2) and their convergence as δ → 0.
Rewrite (3.1) as
, for a fixed δ > 0, we define a family of twisted F-functionals with parameter t ∈ (0, µ] as follows,
Then all F t,δ (·) are proper for any t ∈ (0, µ), δ ∈ (0, δ 0 ] since log F -functionals F ω0,t (·) defined in (0.1) are proper for any t ∈ (0, µ). The latter follows from a result in [LS12] by using the fact that F ω0,µ (·) is bounded from below according to Theorem 2.1. By the Green formula, we get
where the constants C, C ′ depend only on t. Note that all higher order estimates for solutionsφ t,δ depend only on δ and their C 0 -norm. Thus by using the continuity method as in the proof of Theorem 2.5 in [Ti12], (3.5), and so (3.2) are solvable on any t ∈ (0, µ), δ ∈ (0, δ 0 ].
Next we improve higher order estimates for solutionsφ t,δ to show that they are independent of δ > 0. Let's introduce a family of smooth Kähler potentials Φ 3) The bisectional holomorphic curvatures R δiījj of κ δ satisfy: for any Kähler metric ω φ+Φ
where C 0 and C are two uniform constants.
The following is about uniform aprior C 2 -estimate for ϕ = ϕ t,δ .
Lemma 3.1. For any t ∈ (0, µ), δ ∈ (0, δ 0 ], it holds
Here C is a uniform constant which depends only on the metricω and t.
Proof. Letφ =φ δ =φ δ − Φ β δ . Then (3.5) are equivalent to
On the other hand, by
it is easy to see
Using the fact
Thus by the Guenancia-Paun inequality (3.7) for metrics ω δ ϕ δ , we deduce from (3.10),
By the maximum principle, it follows
By (3.9), we can also get Proof. First we claim that ϕ t,δ converges to a C 2,α;β -solution of (2.2) as δ → 0. In fact, by the Kolodziej's Hölder estimate, we see thatφ t,δ converge to a Hölder continuous solution φ ′ of following complex Monge-Ampère equation in the current sense, (3.14)
Clearly, (3.14) is nothing, just (2.2). Since ω * = ω 0 + √ −1∂∂Φ β 0 is equivalent toω, by Lemma 3.1, we get
where C is a uniform constant. Note that (3.14) implies that φ ′ − ψ is a solution of (2.2). Thus by the C 2,α;β reguarity theorem, φ ′ − ψ is a C 2,α;β -solution of (2.2). This proves the claim.
On the other hand, according to the proof in Theorem 2.1, it is easy to see that C 2,α;β -solution of (2.2) as a twisted Kähler-Einstein metric is unique. Thus φ ′ − ψ must be ϕ t . The theorem is proved.
Smoothing of twisted Ricci potentials
Define a Log Ricci potential h t ofω ϕt of solution of (2.2) on t by
and define a twisted Ricci potential of ω
Then it is easy to see h t = −(µ − t)ϕ t + const, and h t,δ = −(µ − t)ϕ t,δ + const.
Thus by Theorem 3.2, we have To smooth h t,δ for each fixed δ ∈ (0, δ 0 ), we introduce the following twisted Kähler-Ricci flow,
Clearly, the twisted Ricci potential h t,s,δ of ω δ ψ s,δ is given by h t,s,δ = − ∂ ∂s ψ s,δ + const.
In particular,
(4.1) reduces to a complex Monge-Ampère flow,
Here h t,δ can be normalized so that h t,δ = −(µ − t)ϕ t,δ . Then h t,δ = − Lemma 4.2.
Here ∆ ′ , ∆ are Laplace operators associated to metrics ω . Then there exists a small number ǫ > 0 such that for any t and ϕ t,δ satisfying
provided that for any s ∈ [(µ − t) 2γ , 1] the first non-zero eigenvalue
of Laplace operator ∆ ′ associated to the metric ω [CTZ05] ). In fact, under the conditions (4.5) and (4.6), using the estimates 1) and 2) in Lemma 4.1, we get
On the other hand, again by the estimate 1) in Lemma 4.1, we have
Combining these two relations, we derive
Thus under the assumption (4.3), we get (4.4) immediately. By the estimate 1) in Lemma 4.2, we have
Then by the assumption (4.3), we obtain
Convergence of twisted Kähler-Ricci flows
In this section, we deal with the local convergence of flows (4.1). First, similarly to Lemma 3.1, we have Lemma 5.1. For any t ∈ (0, µ), δ ∈ (0, δ 0 ], it holds
Here C is a uniform constant depends only on metricsω, ω * and norms of ψ s,δ C 0 (M) ,
Proof. Letψ δ =ψ s,δ = ψ s,δ +Ψ δ −Φ β δ . Then by (4.2),ψ =ψ δ satisfies the following complex Monge-Ampère flow,
Following the estimate of (3.10), for the parabolic equation (5.2), we get Yau's C 2 -estimate,
On the other hand, by (3.11), we have
By the Guenancia-Paun inequality (3.7), it follows
where C 0 and C ′ 0 are two uniform constants depending only on metricsω and ω * . Hence by choosing a large number B, we deduce
Now we can apply the maximum principle to see that there exists a uniform constant C, which depends only onω, ω * , ψ s,δ C 0 (M) and
By (5.2), we also obtain
where Proof. By the estimate 1) in Lemma 4.2, we have
Then by Lemma 5.1, we see that there exists a uniform constant C, which depends only onω, ϕ t , such that
Thus the Sobolev constant associated to ω ψ δ s,δ is uniformly bounded above as same as the metric κ δ (cf. [LZ14]). Derivativing (5.2) on s, we have
As a consequece,ψ δ converges to a Hölder continueous function f associated to the metric ω as δ → 0. Namely,
On the other hand, by the Kolodziej's Hölder estimate, ψ δ are uniformly Hölder continuous functions, so they converge to a Hölder continuous functionφ t =φ t,s as δ → 0. Moreover,φ t is a current solution of following complex Monge-Ampère equation,
By the reguarity theorem in [JMR11], it follows thatφ t is a C 
Proof. In (4.8), we in fact prove
Then (5.6) follows immediately from Theorem 3.2 and Theorem 5.2 by taking δ → 0. 
Then for any t and ϕ t satisfying (5.5), it holds
Proof. We claim: for the metricωφ But this is impossible by (5.9). The claim is proved.
6. Properness of F ω0,µ (·) By using the estimates at last section, we can improve Theorem 2.1 to Theorem 6.1. Suppose that there exists a conic Kähler-Einstein metric ω = ω CKE on M along D with cone angle 2πβ ∈ (0, 2π). Then there exists two uniform constants δ and C such that
Proof. First, by the first relation in (2.9), we get an identity
Then as in [TZ00], [CTZ05]
, we obtain
Next, for a small ǫ, we choose a t such that
Without loss of generality, we may assume that the above inequality can be obtained, otherwise ϕ t C 0 (M) is unifromly bonuded and the situation will be simple. Then by Theorem 5.2 and Lemma 5.3, there exists a C 2,α
On the other hand, by Lemma 5.4, we can apply Implicity Function Theorem to (5.4) to get
Combining (6.2) and (6.4), we have
Then by (6.4), we get
In a special case, we assume that the Kähler potential ψ satisfies
where C 0 is a uniform constant. Then by the relation (6.3) and (6.6), a simple computation shows
where δ, C ′ > 0 are two uniform constants which depending only on the choice of ǫ in (6.3). Using the cocycle condition in (2.10), we derive immediately,
In general case, we can use a trick in [TZ00] to derive (6.9) for ψ. In fact, we can first apply (6.9) for solutions ϕ t with t ≥ ǫ 0 > 0 to get an estimate for osc M (ϕ t − ϕ µ ), then by the relation in (6.2) we obtain (6.9) for ψ.
End of proof of Theorem 0.1. Theorem 0.1 is an improvement of Theorem 6.1. By Lemma 1.1, we suffice to obtain the esitimate (0.2) in Theorem 0.1 for Kähler potentials in H 2,α;β (M, ω 0 ). It was observed by Phong-Song-Strum-Weinkove that (0.2) can come from (6.1) in case of Kähler-Einstein metric [PSSW08]. In fact, as in [TZ00], by (6.1) for solutions ϕ t with t ≥ ǫ 0 > 0, they further show that there exists a t 0 with µ − t 0 ≥ δ 0 > 0 (where µ = 1) for some uniform constant δ 0 such that
where A is a uniform constant which depends only on the Kähler-Einstein metric. We show that such choice of t 0 can be done similarly in our case of conic Kähler-Einstein metric ω φ as follows.
By the first relation in (2.9) together with the equation (2.2), we have
Note that the first relation in (2.9) is equivalent to
It follows
On the other hand, by the Green formula in [JMR11], (6.7) holds for ϕ t − ϕ µ whenever t ≥ ǫ 0 > 0 since Ricci curvature ofω ϕt = ω + √ −1∂∂(ϕ t − ϕ µ ) is strictly positive. Then applying (6.8) for ϕ t − ϕ µ , we see that there exist two constants A 0 , C > 0 such that Then we can choose t = t 0 = µ 2 so that I ω (ϕ t0 − ϕ µ ), and also osc M (ϕ t0 − ϕ µ ) is uniformly bounded. Thus by the relation in (6.2), we get (0.2). The proof is finished.
Case 2: There exists a t 0 ∈ [ By the above choice of t 0 , from (6.11) it is easy to see that osc M (ϕ t0 − ϕ µ ) is uniformly bounded. Again by (6.12), we get µ − t 0 ≥ δ 0 > 0 for some uniform constant δ 0 . The theorem is proved.
There is another way to get (0.2) by using the Donaldson's openness theorem, Theorem 7.1 in next section. This is observed in [LS12]. Proof. Let µ 0 = 1 − λ(1 − β 0 ). Then F ω0,µ0 (·) is proper by Theorem 6.1. Thus twisted F -functionals F µ0,δ (·) defined by (3.6) are all proper for any δ ∈ (0, δ 0 ]. By the argument in Section 3, it follows that there exists a solution of (3.2) on t = µ 0 for any δ ∈ (0, δ 0 ]. Hence, for a fixed δ = This implies that F µ,δ (·) are all proper for any δ ∈ (0, δ 0 ) and µ ∈ [µ 0 , µ 0 + ǫ 0 ). Thus by the argument in Section 3, we see that there exists a solution ϕ µ,δ of (3.2) on t = µ ∈ [µ 0 , µ 0 + ǫ 0 ) for any δ ∈ (0, δ 0 ). Moreover,
where C is a uniform constant independent of µ and δ. On the other hand, the estimate (3.8) in Lemma 3.1 also holds for metrics ω 
